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Mechanical actions on nanocylinders in nematic liquid crystals
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We apply the Landau—de Gennes theory to study the equilibrium problem that arises when a cylinder of
radiusR is kept at a given distance from a plane wall. We assume that both the lateral boundary of the
cylinder and the wall enforc@omeotropicanchoring conditions on the liquid crystal, which prescribe the
liquid crystal molecules to stick orthogonally to the bounding surfaces. Typically, in our Rudgiges from
a few to hundreds of biaxial coherence lengths, where a biaxial coherence length, which depends on the
temperature, is a few nanometers. The equilibrium textures exhibit a bifurcation betfleescéution, where
one eigenvector of the order tendQris everywhere parallel to the cylinder’s axis, and estapesolution,
where the eigenframe @ flips out of the plane orthogonal to the cylinder’s axis. The escape texture mini-
mizes an appropriately renormalized energy functioRafor h>h,, while the flat texture minimizeg" for
h<h.. We compute both the force and the torque transmitted to the cylinder by the surrounding liquid crystal
and we find that the diagrams of both as function$ d&il to be monotonic along the escape texture. Thus,
upon decreasing, a snapping instability is predicted to occur, with an associated hysteresis loop in the force
diagram, beforér reached.. Finally, since the symmetry of this problem makes it equivalent to the one where
two parallel cylinders are separated by the distartgett®e snapping instability predicted here should also be
observed there.
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I. INTRODUCTION tal molecules, we derive the force and the torque from a

Nematic liquid crystals are complex anisotropic fluids Stréss and a couple stress tensor appropriately defined within
with variable molecular ordering. When rigid particles arethe Landau—de Gennes theory. This is by no means a mere
submerged in these fluids, the molecular ordering is affectedcademic study, since experiments with nanowires sub-
by the interactions of the molecules with the particles’merged in a liquid crystal have recently begun to be per-
boundaries. In turn, the change in ordering can result in afiormed by Lapointest al. [8], though with anchoring condi-
elastic distortion that induces a displacement or a rotation ofions that make it not mandatory to resort to the Landau—de
the particle to relax the excess of energy associated with th&ennes theory to estimate the mechanical actions transmitted
distorting interaction$1]. This essentially explains the abil- on the cylinder. In Lapointet al’s experiment, the ordering
ity of nematic liquid crystals to exert forces and torques onprescribed on the lateral boundary of the cylinder is parallel
submerged particles. Actually, when the submerged particle® the symmetry axis: the classical studies on mechanical
prescribe the nematic molecules to be aligned in the directioactions in liquid crystals employing the director theory suf-
orthogonal to their boundarigbomeotropicanchoring, the  fice there to describe the experimental res{fs11]. The
intervening liquid crystal mediates an interaction betweercase envisaged here requires an extended theory.
the particles that prompts the particles to acquire regular The paper is organized as follows. In Sec. Il we describe
equilibrium patterng2—-6]. Despite the significance of these the energy functional that governs the equilibrium configu-
interactions, only a few direct measurements have so far beations of liquid crystals in the theory adopted here and we
come availablg3,6,7]. present the associated stress and couple stress fields. In Sec.

Theoretically, when the particles’ size becomes compatll, we introduce a special system of coordinates and a class
rable to the length scale over which the molecular ordering i®f order tensor fields suitable for the equilibrium problem at
organized, typically between a few and ten nanometers, thband. In Sec. IV, we solve numerically the equilibrium equa-
conventional description of the molecular organization intions associated with an appropriately renormalized energy
terms of the nematic directar becomes insufficient. Both functional, and in Sec. V we explore the stability of these
the forces and the torques exerted on a submerged particé®lutions. Section VI is devoted to the evaluation of both
must then be evaluated within the Landau—de Gennes theorfgrce and torque on the cylinder as functions of the separa-
which employs a full second-rank tensQrto describe the tion between cylinder and wall: this analysis illustrates a lack
local molecular ordering. This paper is concerned with com-of monotonicity in these diagrams with an associated hyster-
puting the force and the torque exerted on a nanocylindeesis loop. The final section, Sec. VII, presents a discussion of
surrounded by a liquid crystal confined in a half-space by aur results. The paper is then closed by an Appendix, where
plane wall: under the assumption that both the cylinder andve treat the case of a linearly elastic, flexible nanotubule
the wall prescribe homeotropic alignment on the liquid crys-submerged in a liquid crystal.
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Il. ENERGY AND STRESSES B+ \B2- 24AC
L L . s=g = —m———, 6
When the local order in liquid crystals varies in space, in % 4A ©)

response to either geometric confinements or applied exter- =~ . .
nal fields, the alignment of the elongated molecules that conéVe find it convenient to define the reduced temperatuas
stitute the medium is described on a mesoscopic scale by t
order tensoQ. This is a symmetric, traceless tensor of rank

two, whose eigenvalues range in the interfrall/3,2/3. 0:= 24#2‘(:: -I;_T -, (7)

When two eigenvalues df are equal to one another, the B T -T

corresponding state is said to beiaxial and can be repre- \yhere T* >T,, is the superheatingtemperature. A useful

sented in the form consequence of this definition is that we can whtén the
Q=s(n@n-3I), (r form

wherel is the identity tensom is the nematidirector, and A= 0A,

se[-1/2,1] is thescalarorder parameter. Positive values of
S represent uniaxial states where the molecules exhibit
more or less pronounced tendency to align in the direction o
n, whereas negative values sfrepresent states where the

where A.:=B?/24C is the value ofA at the superheating
mperature. Other author$4—16 prefer to define another
educed temperature, that is,

molecules exhibit a tendency to lie in the plane orthogonal to T-T7

n. In general, when all three eigenvalues@fare different Ti= T T

from one another, there is not a single director &nds NI

represented in the form It is easily seen tha#=2r. Similarly, we introduce the equi-
Q=568 €,+56 ® e~ (S,+5,)6; ® e, 2) librium value of the scalar order parameteat the super-

heating temperature
where(e;,e,,€3) is the eigenframe 0@, ands,, s, ands;

=—(s;+s,) are the corresponding eigenvalues. A state repre-

B
sented byQ as in Eq.(2) is said to bebiaxial. An invariant = ac’ ®)
measure of biaxiality is given bj12] o
a0 so that the equilibrium value of at the temperaturd
B - Q) 3 <T" can be expressed as
(trQ** . —
i . . $=55, with §:=1+V1-6. 9
This parameter ranges [0, 1] and vanishes precisely for all S . _ _
uniaxial states of). When the tensor fiel@ is not uniform in space, we write

In the absence of any external disturbing influence, belowhe free energyV per unit volume in the form
the nematic-isotropic transition temperatufg,, the state
naturally preferred by a nematic liquid crystal comprising W:E| VP2 +,(Q), (10)
essentially cylindrical molecules would be uniaxial. This 2
property is reflected by the minimizer of the bulk potential

f,. In this paper we adopt fofi, the following classical ex- whereL is a positive elastic constant independent of tem-

perature. Thus, i3 is any region in space occupied by the

pression: liquid crystal, the total free energy(53) stored inB3 can be

A B C represented as

WQ="tQ- QP+ (@2 @ "

2 3 4
Here bothB and C are positive scalars, ardl which is the F(B) = LWdV*
only parameter assumed to depend on the temperatuese
given the form where V is the volume measure. In the absence of body

A=a(T-T) (5) torques exerted by external causes, such as electric or mag-

netic fields, an equilibrium configuration fdi(53) satisfies
wherea is a positive constant antl < Ty, is thesupercool-  the equatiorf17]
ing temperature. The valugy, of A at the nematic-isotropic

transition, which define3y, through Eq.(5), is given by divT® =0, (11)
B2 where
ANI =——=.
27C W
(S - —
It is easily shown[13] that the relative and absolute mini- =W VQQO’)VQ (12

mizers off, satisfy 5°=0. Moreover, the order tensors that
minimize f, for T<Ty, can be represented as in Ef) with  and the tensor producd is defined so that, in Cartesian
arbitraryn and components,
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avQ/j; ki z?Qth' In this section we describe the geometric setting for the

Here and in the following we adopt the convention of sum-
ming over repeated indice3.®) is the form of Ericksen’s

problem studied in this paper and we collect all the math-
ematical preliminaries needed to compute the mechanical ac-
tions on a solid cylinder submerged in a liquid crystal.

stress tensor appropriate for the present tensorial formulation

of the equilibrium theory. It extends the classical definition
originally given within the director theor}9,18]. Formally,
Eq. (11) is obtained from a domain variation 6f5), in the

A. Geometry

We consider the regioff between an infinite circular cyl-
inder C with radiusR and a plane parallel to the axis 6f

same spirit as in Ref.19]. The stress tensor represents theseparated from the cylinder’s lateral surface by a distdmce

distribution of contact forces iff. In particular, for any body
P submerged inB the total forceF(P) transmitted by the
liquid crystal through the boundawP is given by

F(P)= f T®yp ds, (13
JIP

where v is the outer unit normal t&P and S is the area
measure.

Similarly, the distribution of contact torques is described
by the couple stress tensbr, whose Cartesian components
Ljj are expressed 420-22

ij = £€ik kmanlyjn

where g;,, is Ricci’s alternator. The tensor defined by Eq.
(14) extends the couple stress tensor introduced by Lesli
[23] within the director theory, and so we call it Leslie’s
couple stress tensor. It can be shown that BBtH and L

reduce to their classical counterparts in the director theory

wheneverQ is given the form in Eq(1) with a scalar order
parametess uniform in space. In complete analogy with Eq.
(13), the total torqueM (P) transmitted on a submerged body
P by the surrounding liquid crystal is provided by

M(P) =f LvdS. (15)
apP

We assume that in a system of Cartesian coordinatgsz)
the cylinder axis is chosen alormy so that the regiorB is

described by the inequalitig€see Fig. 1
y>0 and x*+(y-R-h)?>0. (16)

In the plane(x,y), we introduce the system @ipolar coor-
dinates(u,v) defined so that

sinu

—a——, 17
cosu + coshv (1739
sinhv
—a——m——, 17b
cosu + coshv (17D
where
a h\> _h
— = —| +2=. (18)
R R R

&he coordinates lines in th@i,v) plane are families of or-
thogonal circles in théx,y) plane: for given values of u
anduv, of v, these families are represented by the equations
2

+acotug)?+y?= : 19
(x+acotug)+y S 1 (193
2 2 a’

- th = . 19b
X + (y — acothuy) S og (19b

These are known as Apollonian circles: each of them is the
locus of the points whose distances from two given points of
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the (x,y) plane are in a prescribed ratio, different for differ- cides with the coordinate fram{e,,e,,e,} only where¢=0.

ent circles[24]. It is easily seen that the circles in E4.99
corresponding to all values afy in ]-m,7] meet at the
points{x=0,y=*a}. The parametea as defined in Eq(18)
is precisely the one that makes the cross sectiofi cbin-
cide with the coordinate circle at=v.. Moreover, in the
coordinatequ,v) the regionB is described by the inequali-
ties

. _,a
-7m<us<w and 0<v<wv, where vc==3|nh1§,

(20)

which follow easily from inequalitie$16) and Eqs(19). As
shown in Fig. 1, the half-lingx=0,y>h+2R} is attained in
both limits asu— -z and u— 7, while the segmentx

=0,0<y<h} corresponds to=0. Moreoveru is positive in
the half-spacgx>0} and negative in the half-spae< 0}.

The Jacobian determinant of the change of varialgey)

—(u,v) is

a2

J=——. 21
(cosu + coshy)? @D

With the aid of Egs(19), we derive the following formu-
las for the unit vectorg, ande, tangent to theu,v) coor-
dinate lines:

sinu sinhv
cosu + coshy

1 + cosu coshv
e,= e
cosu + coshv

e, (223

_ sinu sinhv +1+cosucoshv (22b)
= cosu+coshvex cosu + coshy &

On both the plane and the cylinder that boufydhe order
tensorQ is prescribed to be uniaxial with nematic director
along the normal to the bounding surface and scalar order
parameters=s,. These boundary conditions are also called
homeotropicin terms of the variables;, s,, and¢, they read
as

Slms=—3% Sds=35% ¢ls=0.  (26)

The purpose of our mathematical model is to compute accu-
rately both the force and the torque exerted by the plane at
z=0 on the cylindelC through the intervening liquid crystal.

In particular, we will illuminate the role played in this inter-
action by the biaxial states that are likely to arise in the
liquid crystal in response to the geometric frustration it suf-
fers, especially in the vicinity of the cylinder’s surface, as a
result of the boundary conditions imposed there.

We shall see in the following sections how the mechanical
actions transmitted from the bounding plane to the sub-
merged cylinder depend on both the cylinder radi®uand
the distanceh between the cylinder and the plane; here, we
remark instead that the symmetry of the boundary conditions
allows us to establish that the same force and torque would
be exchanged betweéwo parallel cylinders of equal radius
R at the distancel2 Thus, our calculations will also be ap-
plicable to a surface force apparati#s,26 with parallel
cylinders. This allows our predictions to be subject to experi-
mental validation.

WheneverQ is represented as in EQ4), f, in Eq. (4)
becomes

fo(Q) = Fo(S1,S2) = A(S + &£ +5;5)) + BSSy(S1 + )

For later use, we also record here the expressions for the

spacial gradients of these fields:

Ve, = i[(sinhv)ev ® e, +(sinu)e,®e,], (233
Ve, =- E%l[(sinhv)eu ®e,+(sinug,®e,]. (23b

B. Mechanical actions

Q:
Q=56,0e+56,06-(5+s)e;®e;, (24

where
e, = (cosg)e, + (sin p)e,, (259
e3=—(sing)e, + (cosg)e,, (25b)

ands;, s,, and ¢ are all functions oy alone. According to
Eq. (24), e, is an eigenvector o everywhere in3, while
the eigenvectoe, can somewhere flip out of the,y) plane,
orthogonal to the cylinder axis. The eigenframe@fcoin-

+C(s] + S5+ 515)%. (27)
Moreover,
2
| VQI?= Slsi” + 8185 + 55 + (s, + 289)%¢%]
2 2 2 3
X (coshv + cosu)? + 2 (=) + 551
X (s, + 2s,)(1 - cos 2;5)] (costt v — cog u).
(28)

We adopt the following representation for the order tensolgjnce the outer unit normat to C is v=-e,, also by use of

Eqg. (12), we arrive at the following expression for the trac-
tion exerted on the cylinder’s lateral bounda#§ by the
surrounding liquid crystal:

L. . .
T®le = {2 sinho sinu (0, - 6 + oEle,

!

+[(cosh + cosu)?(q;? + g;q5 + 952 + 052
+((g; - 0p)2 + g3)(2 sirf u + cog u - cosi v)
- fb]ev}l):lzcv (29)

where we have introduced the auxiliary variables
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=S, = iro +(2s, + , g Ve L
Gi=sy Q== st (25 s)cos 2] - J—‘*:f duf dv{;s? (S1+53+58,+ (s1+25)%¢'?)
- 0

G = 5(25, + 51)sin 2.

X (coshv + cosu)? + ((52 -5)%+ §s (s1+2s,)(1
Similarly, the torque density is given by 2 1L

1
L|,e= 2—ell‘((cosu + coshv)[q5(a; + 20,) — 0s(a; + 205)]e, oS 2¢)> (costfv - cos u)} ¥ EBéa(Si t%ts)

+3sinu{gydze, + (01— 0> + G3le)=y . (3D) +BSs;Sy(5, + ) + %Bﬁ(sf +5,5,+ )2

By Egs.(13) and(15), the total force and the total torquen L 1 1
exerted ondC per unit height of the cylinder are correspond- - —&&(costt v - cog u) - —Bsf’ég(— -Vi- 0)
ingly given by the following integrals: a 36 3

a2

ks X )
f= f TEY e— > du, (32) (costt v + cog u)?
— cosu + coshu,

(34)

where a prime’ denotes differentiation with respect tQ
and boths; and s, have been scaled t®& while the same
(7 a symbols are retained for them. In particular, the boundary
m= f_ﬂLV|&CCOSU+ coshucdu' (33 conditions in Eq.(26) now read as

sls=-3% Sds=3% ¢ls=0. (35
IV. EQUILIBRIUM

Here we derive the equilibrium equations associated with Ve introduce the biaxial coherence lengthas[13,16
the energy functional' (). Before doing so, however, since

the regionB described above is unbounded, we need to ex- L L
tract from['(8) a meaningful convergent energy. &p = E) = m (36)

A. Renormalized energy It represents the length over which biaxial disturbances of

We denote byF the total free energy stored i per unit  the local order decay in space. This length clearly depends
height of the cylinderC. This energy, if computed as the on temperature. The definition @ is instrumental to give
integral of W over the cross section o with the (x,y) the free-energy functionaf” a more convenient, nondimen-
plane, is bound to diverge. There are indeedhitwo dis- sional form. If we further introduce the dimensionless vari-
tinct sources of divergence. First, tltendensatiorenergy able
for the nematic phase, that is, the minimum fgfin the
nematic state does not vanish in the energy normalization ni=—,
chosen so far, and so the integral fgf over B clearly di-
verges as3 is unbounded. Second, the far nematic field in-agnd we define
duced by the homeotropic boundary conditions is known to ~
bear a divergent total elastic energy, similar to the energy $1(7) = Si(mvo),  S(n) :=S(vo),  d(n) = P(ve),
surrounding a +1 disclination. Aenormalizedenergy func-
tional F is to be defined, which can be identified wiff
deprived of all its divergent pa_rtsf* would then represent F = 2nBSRF[8,%,, 4],
the finite energy associated with the changes introduced in
the far tensor field near the bounding surface$ofhe first ~ where
source of divergence is easily suppressed by subtracting from 1
fp in W its minimum Fls., Sy @] = f {

we can easily rewrite Eq34) as

2 2
&
i(ﬁb [s5+s5+sss,

Uc
fo(— 350, 250) = 3B (3 - V1- ).

2
+ (5, + 25,)%¢" %] + i%%(%) [(52 -5)?
To suppress the second source of divergence, we need to

subtract from the elastic energy density its nonintegrable 3 .
part, whose expression depends on the choice of coordinates. + 551(51 +25)(1-cos 2) - §

In the coordinate$u,v) and under the assumption tregf s,, of 4
and ¢ depend only orv, F can be given the following « 1+ (E) 2+
expression: (2 cotfle) = 1) +ve R 6‘9(5i
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1 2(1+\1=g
Fs5 D) +sisls+ )+ (S +as+ D 2= 25,- 1277 2 (%) ro(f),  (41)
e
i"3 }_ 1 - M
36 (3 0>]sinh°’(7;vc)}d7” 3 =" (0) (1 -ven) +0o(7). (42

and the hats have been dropped from all variables to avoid In @ neighborhood of;=0, these analytical expansions are in
clutter. As a consequence of Eq85), the functionalF is  €xtremely good agreement with the solutions obtained below.

subject to the following conditions: The boundary value problem described by E@8) and
(39 has been studied numerically for <IR/&,<1C°.
5(0)=5s4(1) =~ %éb, 5,(0) =s,(1) = %“so, Smaller values oR/ &, would be unphysical sincég, is the
(39) smallest length scale in the problem and typically ranges
#(0) = $(1)=0. between a few and ten nanomet¢®y]. Larger values of

R/ &, though perfectly acceptable, were more problematic
for our numerical methods. Physically, our model explores
B. Equilibrium textures the realm of cylinders in the nano-to-microscale range.

In all the following figures we have assumed that the re-
duced temperature is fixed=-8. This is a convenient ex-
emplary case: all the qualitative features illustrated here per-
sist for other values off. We have obtained numerical
solutions(§,,5,, ¢) to the differential problent38) and(39)

The final nondimensional form of the equilibrium equa-
tions, written in terms of the space variabjgare

28] +55= 2(25,+ ) ' * + v 2(s, ~ S) + 3(S, + 1)

2 2 for different values of biaxial coherence lengthand sepa-
C
(1 -cos 2)][2 cott{zve) - 1] + gﬂ(g) ration lengthh. In turn, this allows us to examine the eigen-
values of order tensa®@ (subject to the appropriate rescal-
X(28,+ 5[0+ 65, + 3(S] + 5+ 5;5))] ing).
coth(7v,) In general, this problem exhibits two types of solution.
X (399 For all values of the biaxial coherence lendththere exists

sintf(7uo) a solution for(3;,8,, ¢) such thatg()=0 for all <[0,1].

However, for separation lengtlisabove some critical value,
285+ 8] = 4(2s,+ 5) ' 2+ v2[2(s, - 5;) + 35,(1 — COS 2p)] h., there exists a second type of solution withnot identi-
2 2 cally zero. In this case, there is a rotation of the eigenframe
X[2 coth(yv,) - 1]+ Lf(i) (2s,+5)) of Q aboute,. At the boundary of the regiof, that is, at the
65, \ &b flat surface and cylinder, we have assumed uniaxial ordering

coth(7v,) with the director constrained to lie on tlie,y) plane. Rota-

X[6+6s,+3(s]+s5+ slsz)]T, (39b)  tion of the eigenframe represents ascapeof the equilib-
sinft(zv) rium alignment into the direction in the bulk, analogous to
the one occurring within two coaxial cylinders enforcing ho-
, @' (2s)+s7) 3vs, _ meotropic boundary conditions on their lateral boundaries
¢'=- + : sin 2¢{2 coth{zmve) - 1]. [28,29. Actually, it follows from the symmetry of the equi-

2s, + 2(2s,+s
%2t (25 +5) librium equationg39) under sign reversal ap that there are

(399 indeedtwo escape textures differing by the sign ¢fin the
following, we shall select the positiveb, bearing in mind

Equations(39) represent a sixth-order system of ordinarythat it also represents its symmetric companion. Both escape
differential equations that we must solve subject to the ho- P y P ' P

meotropic boundary condition88).
System (38) and (39) exhibits a singular point at the ’ ' ' ' ‘ ' ' '

boundary =0, where sintwuv.) vanishes. Therefore, care SL \/
must be taken to ensure that a well-behaved finite solution

exists asy— 0. It follows from the analysis of the order of
divergence of the integrand in E@7) that a solution to Egs.
(39 with finite energy must necessarily be such that k&jth
ands, vanish aty=0. Furthermore, by a series expansion of

S

Order parameter

(39) in the neighborhood of;=0, we can show that bounded  _1} T T
solutions exist provideds;,s,, ¢) take the following form, piniiniini S (s v
to second order imy: -2 : : : ‘ : : : : :
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
I n
1, vy \2(4-60+4V1-6
S1=- §Sb+ 27]2< Ca ) 1-0 + 0(7]2), FIG. 2. The comparison of the eigenvalues@fas defined in

Eq. (24), rescaled tes. in Eq. (8) for the escape solutiofyy=0).
(40) Hereh=5R andR=2¢,; the reduced temperature 65 -8.
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3 : : ‘ : : : 0.16
— 0141
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FIG. 3. The comparison of the eigenvalues@fas defined in FIG. 5. The comparison of biaxialitg- as defined in Eq(3) for

Eq. (24), rescaled tes. in Eq. (8) for the flat solution(¢=0). Here  €scape and flat solutions. Hefte 5R, R=2¢,, and §=-8.

h=5R and R=2¢&,; the reduced temperature és-8.

As R/ &, increases, the peak of biaxiality near the cylin-
r's lateral boundarycorresponding tay=1 in Fig. 5 be-
comes narrower and narrower, thus making the numerical

solutions are equally likely to arise when they minimize theOle
renormalized energlf. As shown in the following section, in

complete analogy with the an_alysis_ of the equilibrium tensor | tion of the equilibrium probler38) and (39 more and
order textures bgtween coaxial cylindes), the.escgpe SO° more difficult. This is the reason why our analysis was not
lution is energetically favorable fdr= h.. To distinguish the extended folR/ & > 1C°

escape texture from the other, we shall call the lattelfitte
texture.

The eigenvalues o associated with both types of solu-
tion are shown in Figs. 2 and 3. The corresponding angles
are compared in Fig. 4. In both cases the order parameters

deviate from their uniaxial equilibrium values close#e 1, and(39) possesses two solutions for h, and only one for
i.e., in the neighborhood of the cylinder. This appears to be A<h. Here we show that the critical V;m@ marks indeed
curvature-induced effect due to the presence of fixed uniaxiaé bichJrcation In Fig. 7, we plot the renormalized enefgy

ordering on.the cyrl]inddrical surfack;(_a. litg? defined | defined in Eq(37) for both the flat and the escape solutions.
By examining the degree of laxia g gfmg in Eq. For h=h., where both of these solutions exist, the escape
(3) for both the flat and escape profiles, as in Fig. 5, We Cafleyy,re i the global energy minimizer. Though the energy of

characterize the two cases. In general, there exists @q fia1 texture shown in Fig. 7 might appear to be almost
curvature-induced element of biaxiality within the system,;,jenendent oh, it is indeed a slowly increasing function of
present regardless of the separation between cylinder and ﬂﬁt

) L , as illuminated by the close-up in Fig. 8.
surface. However, if the separation is large enough, the di- The variation of the critical separatidn with the cylin-
rector can escape into the third dimension in an attempt Qg g ragiysR is shown in Fig. 9. A bifurcation exists even at
retain its uniaxiality throughout the sample. The optimal M0-|arge R, albeit associated with a very small degree of biaxi-
tation of the eigenframe i$=90° as this would minimizé&. %l i

The h ; ¢ . hat th ity and eigenframe rotation. The critical separation is al-
e homeotropic surface constraints ensure that the actugj,et constant for large enoudR corresponding to a re-
maximum rotation achieved in the bulk is, generally,

IeSSduced biaxial influence. However, as the radRi®ecomes

than 90.0' In Fig. 6 the ma>_<imgm valuga attaine(_j by the comparable t@;, the separation at which the escape rotation
angleg in the escape solution is plotted as a functiomtR: occurs appreciably increases.

this graph indicates thap,,4, tends to 90° in the limit where
the distance between the anchoring surfaces tends to infinity.

V. STABILITY

We have seen in Sec. IV that the equilibrium probl&8

90 T T
35
L -——— 3
30 ’,/ ~. gﬂ
~ - o
= 25F ,I « Escape solution K
8 4 o E
& ’
® 20 ’ N <
= 7 \\ 5
B0
PURER “ E
g / . 5
< 0, \\ =
7
5r14 \\
/ Flat solution \\
0 T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1 hiR

n
FIG. 6. The maximum valué,,, Of the angle¢ for the escape

FIG. 4. The comparison of anglg for escape and flat textures. solution as a function ofi/R: ¢,y tends to 90 deg in the limit as
Hereh=5R and R=2¢; the reduced temperature 65 -8. h/R—o. HereR=2&, and §=-8.
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hjR 4 3 6 R 7 8 ? 10 % 0z 04 06 08 1 12 4 16
lo‘glO(R/gb)
FIG. 7. The renormalized enerdy as defined in Eq(37) for B ) ) )
both the escape textutsolid line) and the flat texturébroken ling FIG. 9. The critical separatioh. normalized to the cylinder's
as functions oh/R. HereR=2¢, and #=-8. Forh=h,, the escape radiusR as a function oR/ &,. Here the reduced temperature is still

texture is energetically favorable. 6=-8.

m=4xLs’me, where m:= i(Cos;hvC = sinhvy) ¢’ (1).
Uc

The asymptotic value ohf./R for large values ofR/ ¢,
corresponds to a macroscopic limit that a purely director
theory should also be able to capture through an analysis (44)
similar to that illustrated in Refl.28]. We are not aware if
such an analysis has been performed for the problem at hand Both f andm have been evaluated for the two equilibrium
here. solutions found above for different values of the separation
h. Figure 10 examines the force and torque as the separation
length varies. For the flat solution the derivative ¢fis
identically zero, therefore the torque is also identically zero.

In this section we give the dimensional form of the for- It is clear that the bifurcation associated with the exchange in
mulas for both the force and the torque experienced by th&nergy is also characterized by d|s_t|nct branches in the force
cylinder. By computing the integral in E¢32) we see that and torque plot§. The escape solutlon.correspond.s to a larger
the forcef per unit height of the cylinder is given by Ig::ieon the cylinder and an increase in the magnitude of the

Perhaps more significant, though, are the stationary points

VI. FORCE AND TORQUE

f= ﬁ%f , and lack of monotonicity exhibited by the force and torque
R on the escape solution branches. As the separation length is
reduced, but before the energy bifurcation separaltiois
where reached, first the magnitude of the torque and then the force
sk ‘ ' ' ‘ Jos

R .
fi= ;[81(1)2 +55(1)2 + s} (1)sh(1) + (&' (1)? +vd)],
Cc
(43
ands;, s,, and¢ solve Eqs(38) and(39). In a similar fash-
ion, it follows from Eq. (33) that the momenm per unit

height of the cylinder is given by

-0.011

-0.0115F

-0.012F

fz,

-0.0125|

hR
-0.013

FIG. 10. The scaled magnitudésandm of the force and torque
— . - . . 5 o experienced by the cylinder per unit height due to the presence of
kR R the liquid crystal. HerdR=10¢, and §=-8. Forh=h,, f andm are
plotted againsh/R for both flat and escape solutions. The graphs of
FIG. 8. A close-up of the graph df for the flat texture in Fig.  both f ( ) and m (---) exhibit a significant lack of
7. Clearly, this is a slowly increasing function bfR. monotonicity.

-0.0135
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experience maxima. This lack of monotonicity is very sig- —*
nificant as it would impact upon any experimental apparatus
which gradually reduces the separation length. For example
as the distance between plate and cylinder is reduced, th
magnitude of the force required to maintain the separation
gradually increases. However, there existsnappinginsta- —oslk
bility at a critical separation where the required force sud-
denly decreases; there is a similar instability and critical _yol
separation for the torque. The two critical snapping lengths

are distinct, though the bifurcation distandgsare the same. -1 : : ‘ ]
. . 0 0.5 1 1.5 2 2.5 3
In particular, along the escape solution, the value of the log. (HE.)
distanceh at which the torquem attains its maximum is e
larger than the one at which the fortattains its maximum. FIG. 11. Exponenh of the force as defined in E¢45) against

This closely resembles the hierarchy exhibited by torque angeparatiorh along the flat solution. Heré=—8 and the ratid?/ &, is
force on the plates of a twist cell whose thickness is reduce@hosen as 2, 10, and 100 in the three graphs. v\}hne—é ash
down to values comparable  [27]. Like there, the insta- —0 only for R/&,=100, \— -1 ash— for all three values of
bility that we predict here would be more easily detected byR/&,.

a torque machine rather than by a force machine. There

would be another difference in the behavior of these twqution, as shown in Fig. 12, and it is consistent with the result

ideal machines. Along the force diagram a tiny hysteresis;a|id for the force experienced by a +1 disclination far from
loop is associated with the snapping instability: upon de- flat surface with homeotropic boundary conditidase p.
creasing the separatidm the transition from the escape t0 174 of Ref.[31]).

the flat branch happens at a value of this distance larger than | our analysis so far cylinders have been treated as rigid.
he, while it happens a=h on the reverse process. By con- | the Appendix we also show the effect of the distributions

trast, upon decreasinig along the torque diagranm falls  of force and torque with uniform densitigsand m on a
straight from its maximum to zero. In principle, with two linearly elastic, flexible cylinder.

parallel cylinders enforcing homeotropic anchoring, both the
snapping instability and the associated hysteresis loop could
be observed in the force diagram, but the same instability VIl. CONCLUSIONS

would be more dramatic in the torque diagram. ) o
Finally, it is interesting to consider the behavior of the Ve studied within the Landau-de Gennes theory the me-

force that arises along the flat solution, especially at smalfhanical actions transmitted by a nematic liquid crystal on a
separations. This solution resembles that described within the#Pmerged cylinder of radiug, under the assumption that
director theory restricted to in-plane configurations for thethe cylinder enforces homeotropic boundary conditions on
director [30]. By adopting a geometry similar to ours and the molgcules of th_e_ sgrroundmg liquid cry_stal. In particular,
employing a Frank-Oseen energy, Sonnet and Gfiggy We stgdled the equmbru_Jm prqblem that arises when the cyl-
showed that the elastic force on a cylinder per unit lengtdnder is kept at a prescribed distarftéom a plane wall also
due to a uniaxial nematic liquid crystalline film behaves like €nforcing homeotropic boundary conditions. We heeded that
1/+h for h small. Assuming that the forceand the separa- the symmetry of this problem makes it equivalent to the one

tion h are related via power lah*, we can calculate the where two equal cylinders with parallel axes are surrounded
exponent as by a nematic liquid crystal. We found that at a critical value
h. for h a bifurcation occurs among the equilibrium textures:
hdf for h<h,, the minimum energy is attained on the equilibrium
A= ?a] (45)

0

Whenf is not a power oh, the exponenk in Eg. (45) can
be seen as the locally approximating power law. Figure 11
illustrates the behavior of for different choices oR. ForR _o4b
so large as to weaken the influence of curvature on the con.
centration of biaxiality around the cylinder, our results also  _s}
support strongly the analysis of Sonnet and Gruhn. However,
it is clear that curvature has a strong effect on the power law -ost
for smaller values oR, with a plateauing in exponentclose
to the bifurcation separatiof,. e 18 2 22 24 26 28 3 32
In Fig. 11, the exponent has also been computed along log. (WE.)
the flat solution forh=h, where the escape solution is in- o
stead the energy minimizer. The graphs in Fig. 11 show that FIG. 12. The exponenk of the force as defined in Edq45)
\ tends to -1 af— o, for all values of the rati&r/ &,. Such  against separatioh along the escape solution. Hefe-8 andR
an asymptotic behavior is also realized along the escape se410¢,. As for all graphs in Fig. 11) — -1 ash—o.

021
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solution where the order tens@ has an eigenvector every- Trust for Scotland and the Italian INDAM for financial assis-
where parallel to the cylinder’s axilat solution), whereas tance during his visit to the University of Pavia.

for h>h. the minimum energy is attained on the equilibrium
solution where the eigenframe € flips out of the plane
orthogonal to the cylinder’s axi@scape solution The criti-

cal separatiom. depends on the cylinder radiésand satu- Suppose that the nanocyliders studied in this paper can be
rates to a value slightly below FBasR grows larger than  gdeled as linearly elastic, flexible rods, straight in their

ten times the biaxial coherence lengih We computed the | qeformed configurations. L&=0,y=h,0=<z=< ¢} be the

force and the torque transferred onto the cylinder at equilib; ¢o 0\ ce configuration of such a rod. Further assume that

%oth ends ar=0 andz=¢ are clamped, so that the tangent to

APPENDIX: FLEXIBLE NANOCYLINDERS

separatiorh are not monotonic and exhibit a maximum along o ) . .
the escape branch fdr>h.. This led us to predict a snap- all adm|SS|b_I_e (_:onflgura_tlons IS there pgrallelazo .
ping instability with an associated hysteresis loop in the The equmprlum configurations of this rod are described
force diagram, which should occur upon steadily reduting PY the equations
The estimate foh, represents a lower bound for the value of
h at which the snapping instability is to be expected.
A similar instability was already predicted to occur in a
twist cell when the cell’s thickness approaches a critical I +tX®+m=0, (A2)
value comparable withg, [27], although it appears to be ) .
different from the one predicted here. While the texture thatvheref andm are the linear densities of external forces and
eventually prevails in the twist cell for small separations belorques,@ andI' are the linear densities of internal forces
tween the plates bears the largest degree of biaxiality in th@nd torquest is the tangent unit vector to the deformed
middle between the plates, the texture prevailing here fofonfiguration of the rod, and a prime here denotes differen-
small separations between the cylinder and the wall bears tHigtion with respect to arc-length in the deformed configura-
largest degree of biaxiality in a layer adjacent to the cylin-tion. In Eqs.(A1) and(A2), f andm are to be expressed as in
der’s lateral boundary. This supports our interpretation thaEds.(43) and(44). Two equal, unknown forces =—-Fey ap-
here the texture bifurcation and the snapping instability thaplied at the end-points of the rod balarfcandm.
heralds it are driven by the cylinder’s curvature, whereas the Letting I'=Bce,, whereB is the bending rigidity of the
similar phenomenon in the twist cell is a clear signature of afod andc is the local curvature of the deformed rod, under
order reconstruction taking place within the liquid crystal. the usual assumption of small deformations, we arrive at the
We are aware of a recent experimés] where a nematic  following solutions of Eqs(A1) and (A2):
liquid crystal is placed between two crossed cylinders: one
cylinder enforces homeotropic boundary conditions, while Pd(2) = (F—Z»ﬂ_sgz)ey,
the other enforces degenerate planar boundary conditions. R
This arrangement is somewhat intermediate between the
model for the twist cell recalled aboJ&7] and the model | A ¢ ¢
described here. Some evidence seems to emerge from the Y(2 —h= B R -2 2-— |+ 12-2 |,
experiment that supports the existence of a snapping insta-
bility, though the small separations between the cylindersvhere the functiory(z) represents the deformed rod. Thus, in
needed to experience it make the interpretation of the experparticular,
mental data questionable. It would be desirable that an ex-

®' +f=0, (A1)

perimental study be undertaken with equal homeotropic an- e (LS
chorings on two parallel cylinders, since our model predicts " R
in this case a snapping instability at larger separations.
and
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